Abstract -Heavy-ion total reaction cross section measurements for more than one thousand one hundred reaction cases covering 61 target nuclei in the range 6 Li-238 U, and 158 projectile nuclei from 2 H up to 84 Kr (mostly exotic ones) have been analysed in a systematic way by using an empirical, three-parameter formula which is applicable to cases for projectile kinetic energies above the Coulomb barrier. The analysis has shown that the average total nuclear binding energy per nucleon of the interacting nuclei and their radii are the chief quantities which describe the cross section patterns. A great number of cross section data (87%) has been quite satisfactorily reproduced by the proposed formula, therefore total reaction cross section predictions for new, not yet experimentally investigated reaction cases can be obtained within 25 percent (or much less) of uncertainty. 25.60.Dz, 
Introduction
One of the major goals of nuclear science nowadays is to learn about the behavior of nuclei which exhibit an abnormal neutron to proton ratio, the so called exotic nuclei. Their structure, dynamics, properties, and also the physical conditions which allow for their existence have been intensively investigated mainly through the rare cases of artificial radioactivity observed in nuclei very far from the beta stability line or by means of exotic, heavy-ion induced reactions in a variety of combinations of interacting target-projectile systems at energies near and above the Coulomb barrier.
During the last three decades or so many technological development and advances have enabled researchers to use novel particle accelerators and experimental detection devices which have yielded a notable number of new nuclear data concerning nucleus-nucleus reactions with great relevance and impact on other fields such as astrophysics, cosmology, particle physics, and also with applications to heavy-ion therapy. In this context, the production of radioactive ion beams of light nuclides from the mid-1980's on has contributed towards a substantial increase of information on properties of nuclei far away the beta stability line, mainly on new aspects of their nuclear structure such as skins, haloes, rupture of closed shells, and others, in such a way that heavy-ion reaction cross section measurements can be considered today an essential tool to investigate the nuclear structure of exotic nuclei.
Measurements of total reaction cross section, σ R , defined as the total, σ T , minus the elastic, σ el , cross sections for two colliding nuclei (σ R = σ T − σ el ) are important for, at least, the following reasons: i ) they can be used for evaluation of nuclear matter radius, thus providing information about the size of nuclei; ii ) they can help to decide in cases where different models indicate quite similar angular distributions for elastically scattered incident projectile; iii ) they can be used for comparison with estimates from different microscopic models; iv ) in the cases where very weakly bound and exotic projectile nuclei are used, σ R -measurements are of great astrophysical interest, and may also play an important role in the synthesis of new heavy isotopes; v ) reactions induced by halo-structured, light nuclei can provide information on new phenomena in nuclear matter in the region of nuclei near the neutron-and/or proton-drip lines, such as possible break-up effects to be exhibited, for instance, by these exotic nuclei.
Since the early 1960's much more than one thousand total reaction cross sections measured at energies near and above the Coulomb barrier for different combinations of complex target-projectile nuclear systems have been accumulated where the use of exotic radioactive ion beams has predominated during the last twenty years or so. In addition, a number of systematic analyses of such total reaction cross section data have been proposed (see, for instance, Refs. [1-CBPF-NF-011/10 2 13]). They are, however, limited to a certain region of mass number of the participating nuclides, or to an energy interval where the experimental σ R -values had been obtained. Here, it is worthwhile to mention that since the early eighties up to recent years a research group from NASA Langley Research Center at Hampton (Virginia, USA) and co-workers [14, 15, 16 , and references quoted therein] were succesful in developing a geometric model to evaluate the total reaction cross section, σ R , derived from a microscopic theory. Their σ R -parameterization has given excellent agreement when comparing to experimental data, their model being applicable to the energy range from a few MeV/nucleon to a few GeV/nucleon, also extending for light nuclear systems of A ≤ 4 [17] . One should mention in addition that, in the past, attention was given by many researchers in deducing analytical expressions for nucleus-nucleus total reaction cross section, σ R , based on the optical model, where the chief quantity to be calculated is the transparency, i.e. the probability that the projectile nucleus will pass through the target nucleus without suffering any interaction. This calculation takes into account the primary interactions which result from nucleon-nucleon collisions in the overlapping region of the interacting nuclides (the so-called soft-sphere nucleus-nucleus reaction cross section; see, for instance, Karol [18] and Shen et al. [19] ). Additional, new theoretical aspects such as the generalization to a multiple-scattering theory, Pauli blocking effects, and others have been extensively discussed, for instance, by Hussein et al. [13] , Bertulani et al. [20] , and Ma et al. [21] in developing a semiclassical calculation method to σ R for several heavy-ion systems, also including reactions induced by radioactive beams. Our approach to systematize σ R has been, however, developed on a quite different basis, empirical in its essence, as will be seen later on.
We decided, therefore, to undertake a study on a number of available σ R -data to see whether they could be treated in such a way that they could be described by a universal trend or not. Basically, despite the large variety of reaction cases (target-projectile interacting nuclei and incident kinetic energies) experimentally investigated over more than forty-five years of work by using different experimental methods and techniques in obtaining the measured σ R -values (attenuation or transmission methods [4, 9, 22] , direct methods [8, [10] [11] [12] [23] [24] [25] , the currently used optical model analysis of elastic scattering angular distribution with an assumed potential, and others) in a number of research facilities in nuclear physics (mainly those which have produced radioactive beams as, for instance, the GANIL at Caen, the SATURNE accelerator at Saclay, the Michigan NSCL, the cyclotrons at Louvain-la-Neuve, the Pelletron at Mumbai, the Pelletron with RIBRAS at São Paulo, the RIKEN Ring Cyclotron at Hirosawa, the FNTandem accelerator with TWINSOL at the University of Notre Dame, and in many other facilities in different countries) we were successful in searching for a simple formula capable of relating σ R to the main physical quantities which characterize a particular nucleus-nucleus interaction under analysis, i.e., the charge, mass, and size of the nuclides, and the available energy in the collision.
In this context, the present paper reports on a proposal for a simple, three-parameter formula aiming at describing the trend of σ R for any combination of target-projectile interacting system. The formula, which is empirical in its nature, has been constructed by considering only the reaction cases for incident kinetic energy-values above the classical Coulomb barrier calculated at the contact configuration of the interacting nuclei. It should be emphasized that the present analysis is restricted to an investigation on a global behavior (if any) of the reaction cross section, σ R , and not to a discussion on properties observed in particular reaction cases such as threshold anomalies, break-up effect, and others. We anticipate that the present parametrization of σ R -values can be used to predict total reaction cross section values for yet unmeasured heavy-ion reaction cases within a satisfactory degree of uncertainty. The construction of the σ R -formula, the input data which have been used in the analysis (nearly one thousand σ R -values), the determination of the parameter-values of the formula, its range of validity, comparison with experimental data, predictions, and other aspects will be detailed in the next sections.
Basic Definitions and Assumptions
An incident projectile nucleus of atomic number Z p , mass number A p , and kinetic energy E lab p measured in the laboratory system is let to strike a target nucleus Z t , A t which is at rest. It will be considered only those projectile-target combinations for which E lab p ≳ V c , where
is the Coulomb potential energy at the contact configuration of the interacting nuclides, and R p and R t are their respective nuclear radii expressed in fm. The values for these latter quantities have been taken from, or evaluated, in the following way. For light projectile or target nuclei of A p,t ≲ 20 (exotic ones or not) we have adopted the deduced effective root-mean-square radius values as they are reported by Tanihata [26, 27] . In Tanihata's compilation nuclei with neutron and/or proton halo structure can be easily identified by their size as compared with ordinary nuclei and, in addition, it clearly evidences that the nuclear radius does not depend solely on the mass number A (the simple rule that nuclear radius is proportional to A 1 3 no longer is valid) but also on the proton and neutron numbers of the nucleus separately. Many other interesting features concerning nuclear size of light nuclei can be inferred from the analysis by Tanihata [26, 27] such as, for instance, large increases of nuclear radius observed in nuclei of the vicinity of the neutron drip line.
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On the other hand, for intermediate-mass, more massive and heavy nuclei of mass number A p,t ≳ 20, we have chosen for the present study the average sharp radius of the proton and neutron density distributions as they are evaluated from the droplet model description of atomic nuclei in the assumption of spherical nucleus approximation [28, 29] . Accordingly, the following radius expression has been used throughout:
in which
represents the usual, total nuclear binding energy per nucleon of each participating nuclide, the values of which having been taken from the atomic mass evaluation by Audi et al . [32] .
Thus, charge, mass, size, incident energy, and σ G andB as defined and described above are the basic quantities to which it is expected the measured nucleus-nucleus cross section values, σ R , should be related in a simple form.
3 Searching for a universal, total nucleus-nucleus reaction cross section formula
We have tried by different fitting procedures to find a simple expression to describe and predict the general trend of nucleus-nucleus total reaction cross section, σ R , in terms of the basic physical quantities discussed in the precedent section. The following methodology has given a satisfactory result. First, for a given interacting target-projectile system, we define the auxiliary, dimensionless quantities u and y such that
where E CM is the available collisional energy in the centre of mass reference system. Next, by selecting a number of reaction cases experimentally investigated it has been verified that the product yu showed systematically to increase rather linearly with u for each interacting heavy-ion system, and, in addition, a pattern of nearly parallel straight lines has emerged in a plot of yu versus u. Therefore, starting from yu = au + b, where the constants resulted as a > 0 and b < 0, we could write y = a(1 − c u), in which c = b a. Surprisingly, a preliminary set of nucleus-nucleus reaction data that have been utilized in this analysis was such that the intercept c showed to vary according to a power law of the product Z p Z t , therefore suggesting gives, finally,
and
where the σ R 's are expressed in barn, and p, a, and k are parameters, the values of which are to be determined from fitting procedures with the experimental heavy-ion reaction cross section data. Since y must be a positive number, it follows that (11) is valid only for incident energy values E lab p > E th , i.e., greater than the threshold energy given by
if E th ≥ V c , otherwise (11) applies whenever E lab p > V c .
The σ R -trend as described by equations (11)- (13) has shown a satisfactory predictive power of measured σ R -values for a great variety of heavy-ion reaction cases, also including those cases envolving exotic, radioactive, projectile nuclei. As will be seen later, the evaluation of σ R -values by means of expressions (11)- (13) may surely contain uncertainties to some extent, so that this calculation method to obtain σ R -values is not a suitable one in describing the finest structural details of one or both interacting nuclides such as, for instance, the break-up effects which has been observed in the interaction of light exotic projectiles mainly with heavy target nuclei. Nevertheless, it has been shown capable at reproducing the main features of nucleusnucleus total reaction cross section in a very large interval of atomic and mass numbers of the participating nuclides as well as the available energy in the interaction. These points will be addressed just below.
4 Systematics of heavy-ion total reaction cross section Formula (11) with definitions (12) and (13) are now used to systematize experimentally determined σ R -values for nearly one thousand heavy-ion reaction cases. The selected targetprojectile-energy combinations used in the present analysis are those listed in Table 1 . They sum up to 968 cases that have been used as input data to obtain the values of parameters p, a, and k in equations (11)- (13) by a current least-squares procedure. The literature source from which the measured σ R -values have been taken is also shown in Table 1 (last column), and it reports the different methods and detection techniques that have been used in deducing the respective σ R -values such as the attenuation method, direct method, analysis of angular distribution in elastic scattering data where an appropriate potential is assumed, and others.
In some cases the σ R -data have been taken from theoretical papers in which the data were compared with predictions from reaction models (and, therefore, quoted therein) instead from the original source of the experimental information. The reaction data used here cover a total of sixty different target nuclei ranging between 6 Li and 238 U, and 157 projectile nuclei from 2 H up to 84 Kr of which 138 are considered exotic nuclei as, for instance, 6, 8 Table 1 ). Besides, the measurements have extended over a large term of forty-seven years till quite recently.
As mentioned before, two basic nuclear physical quantities enter explicitly into the proposed σ R -formula, namely, the nuclear radius (R p and R t ) and total nuclear binding energy per nucleon (B p andB t ). The values we have adopted for both these quantities are depicted in figure 1 where it is clearly shown the important differences between radii (figure 1 The next step consisted to treat all the collected reaction cross section data by a routine least-squares calculation method to obtain the best values for parameters p, a, and k to write down a final expression for evaluating the reaction cross sections. This has been done in the following way. Once the reaction physical quantities have been transformed into the corresponding pair of dimensionless quantities (x, y) through definitions (12) and (13), and starting with the initial total of 968 reaction cases as listed in Table 1 , a first set of parametervalues p, a, and k has been obtained by minimizing of the standard deviation
so as to define a first-run straight line y c = a − kx and the corresponding values of σ y min , χ 2 ν , and the coefficient of correlation, r, for this first linear adjustment (in equation (15) the y c 's are calculated values, y e 's come from the experimental σ R -values, and n is the number of reaction cases considered). Next, some points are allowed to be removed out from the analysis by applying the criterion
at the same time that the error bar of length δy = δσ R σ G must fall outside the region defined by y c ± 2σ y min . This process continues through successive runs until there is no data points to be removed out. Then, a second criterion is still applied to remove out eventually some residual points for which the condition log(y c y e ) ⩽ 0.146 (17) has been not fulfilled (this means calculated, y c , and experimental, y e , values should differ from each other by less than 40%). Next, a new sequence of runs is proceeded where the precedent CBPF-NF-011/10 8 criterion (equation (16)) is again applied, and so on. The final, best values of parameters p, a, and k are reached when no points (x, y) result removed out at all.
Results of the present σ R -systematics
As mentioned above, a total of 968 measured σ R -values for different heavy-ion reaction cases has been considered in the present analysis. These have covered a range of incident energy which extends from 1 Mev/nucleon [51] up to 87 MeV/nucleon [56] , i.e. well below the pion production threshold energy in nucleon-nucleon collisions. The systematic analysis followed the methodology briefly reported in the precedent section. Ten runs of least-squares data fitting to the straight line defined in (11) were necessary in such a way that conditions (16) and (17) could be completely satisfied. Figure 2 illustrates the minimization procedure for the quantity σ y (equation (15) Table 2 lists the number of reaction cases for which the pairs of values (x, y) associated to the measured quantities E lab p and σ R have been removed out from the analysis following the present methodology. It results that only about 8.5% of a total of 234 reactions investigated involving exotic projectiles did not fulfil the criteria (16) and (17) throughout the systematic analysis. These were five cases for 9 Li and one for 8 Li in Ref.
[22], one for 9 Li in Ref. [7] , one for 35 Mg, 43 P, 47 Ar, and 44 S in Ref. [11] , one for 14 Be in Ref. [50] , another one for 32 Mg in Ref. [8] , and six cases for 6 He in Refs. [75, 78, 83, 92] .
Finally, once the values of parameters p, a, and k have been determined by the calculation procedure described above, these could be inserted into equation (11) to obtain, together with (12)- (14), the proposed, universal formula to evaluate total reaction cross section values in nucleus-nucleus collisions, namely,
and where ¡ p is given by (8) . Formula (19) should hold for incident energies E lab
Calculated total reaction cross section values, σ c R , by using formula (19) have been compared back to the experimental ones, σ e R , and the distribution of the ratio σ An interesting feature resulting from formula (19) is the approximate proportionality of σ R with the quantity (R t +R p +¡ p ) 2 for reaction cases of projectile energies much greater than the Coulomb barrier (or the threshold-energy as defined in (20)). This is illustrated in figure 12 where a number of σ R -values measured at higher incident energies of different projectiles on 12 C, 28 Si, and Pb targets are seen fitted quite well to a straight line when they are plotted as a function of the quantity (R t + R p + ¡ p ) 2 . The slopes of these lines appear as much the same in all cases depicted in Fig. 12 ( 12 C target in part a, 28 Si in part b, and Pb target in part c) and, in addition, they are found conform to the coefficient 0.050 b/fm 2 of formula (19).
In figure 12 -b twenty-seven points (located at the right side of the straight line) are found as forming an island. These points correspond to reactions induced in a 28 Si target by a group of proton-rich isotopes of Ga, Ge, As, Se, and Br which were accelerated to an average energy of 55 ± 3 MeV/A in an experiment conducted at the GANIL facility as reported in Ref. [10] . A mean radius parameter r 0 = 1.02 ± 0.02 fm has been deduced from the measured total reaction cross section. This r 0 -value differs, however, from that one we have adopted in the present systematics, namely, r 0 = R A 1 3 ≈ 1.13 fm, as it emerges for this region of proton-rich nuclei
Predictive power of the present σ R -parametrization
Once one has constructed a three-parameter calculation method to evaluate total reaction cross section, σ R , in nucleus-nucleus collisions at energies above the Coulomb barrier, and despite the present σ R -parametrization (equations (19,20) ) having shown good performance in reproducing the input σ R -data, it is worthwhile to examine also on the ability of the present, proposed, universal σ R -formula in predicting new total reaction cross section values for interacting nuclear systems and incident energies not considered in this analysis. 
The inverse nucleus-nucleus reaction
An interesting result which emerges from the present σ R -parametrization concerns the inverse reaction, i.e., the case where target and projectile nuclei are interchanged. Formula (19) can be rewriten as
and, except for either light projectile or target nuclei (or both) and incident low energy cases
(say E p A p ≲ 10 MeV/N ), the quantity ¡ p (R t + R p ) results small (≲ 0.05), so that the cross section for the direct reaction (σ d R ≡ σ p+t R ) can be evaluated to less than ∼ 10% of uncertainty by
Under these circumstances, if one interchanges the target and projectile nuclei the cross section for the inverse reaction (σ
Since the E 
is satisfied, i.e. the incident energy per nucleon in the LAB-system must be the same, which is equivalent to say that σ 
Final remarks and conclusion
One wishes to summarize the present paper remarking that it was possible to find a universal, global trend for nucleus-nucleus total reaction cross section, and that it could be described by a simple, three-parameter empirical formula which has shown to be applicable to a variety of combinations of target mass number in the range of practically all naturally occurring isotopes with a number of light-and intermediate-mass projectile nuclei also including the exotic ones.
Despite all significant differences in the experimental techniques and procedures currently used in σ R -measurements, as well as the calculation methods and semiempirical analysis of the angular distributions of the elastic scattering data in obtaining the measured σ R -values in a number of heavy-ion facilities over the world, more than one thousand nucleus-nucleus reaction cross sections from experiments could be reproduced by the proposed formula within a tolerance margin of 40%. Nuclear radii of the target and projectile interacting nuclides, and average binding energy per nucleon of the colliding system were the basic quantities that we have found necessary to describe the σ R -trend. Of course other sources of nuclear radius-values, for instance, would be possible (and indeed they are available) to be used throughout similar analyses instead of that one chosen in the present systematics (see figure 1) . A change in nuclear radius certainly would lead to a set of values for parameters p, a, and k of formula (11-13) somewhat different from the ones found here (see (18)). However, the general, global trend of reaction cross section would very probably remain unchanged.
Another point to be mentioned comes from a careful inspection on figures 5 and 13
and Table 3 and Wapstra [32] . Fig. 2 Illustrating the process of minimization of the standard deviation, σ y (equation (15)) to find the best value of parameter p (and, therefore, the associated values of parameters a and k of equation (11)). It is shown the case for the 10 th run (the last one) with 903 reaction cases from which the final values p = 0.940, a = 1.598 ± 0.008, and k = 0.0345 ± 0.0004 have been obtained. (△), [10] (•), [12] (◻), [11] (◇), and [8] (∎). Part (c) shows data for Pb target (lower scale) and 4, 6, 8 He and 6-9, 11 Li projectiles from Refs. Figure 13 :
